
N
u
m
e
r
ic
a
l
A
n
a
ly
s
is
o
f

T
h
e
N
IM
R
O
D

F
o
r
m
u
la
t
io
n

A
.
H
.
G
la
sse
r
a
n
d
C
.
R
.
S
o
v
in
e
c

L
o
s
A
la
m
o
s
N
a
tio
n
a
l
L
a
b
o
ra
to
ry

a
n
d
th
e
N
IM
R
O
D
T
e
a
m

1
9
9
7
In
te
rn
a
tio
n
a
l
S
h
e
rw
o
o
d

F
u
sio
n
T
h
e
o
ry
C
o
n
fe
re
n
c
e

M
a
d
iso
n
,
W
isc
o
n
sin
,
A
p
ril
2
8
,
1
9
9
7



M

E

M

B

E

R

S

O

F

T

H

E

N

I
M

R

O

D

T

E

A

M

N

a
m

e

I
n

s
t
i
t
u

t
i
o
n

R

o
l
e

C
u
rt
B
o
lto
n

O
�
ce
o
f
F
u
sio
n
E
n
erg
y

C
o
o
rd
in
a
to
r

H
a
rsh
K
a
ra
n
d
ik
a
r

S
A
IC
,
M
a
cL
ea
n

F
a
cilita
to
r

O
liv
ier
S
a
u
ter

IT
E
R
&
L
a
u
sa
n
n
e

C
u
sto
m
er

M
in
g
C
h
u

G
en
era
l
A
to
m
ics

C
u
sto
m
er

A
la
n
T
u
rn
b
u
ll

G
en
era
l
A
to
m
ics

C
u
sto
m
er

J
o
h
n
F
in
n

L
o
s
A
la
m
o
s
N
a
t'l
L
a
b

C
u
sto
m
er

D
a
lto
n
S
ch
n
a
ck

S
A
IC
,
L
a
J
o
lla

C
o
re
C
o
m
p
u
ta
tio
n
&
C
o
o
rd
in
a
to
r

A
la
n
G
la
sser

L
o
s
A
la
m
o
s
N
a
t'l
L
a
b

C
o
re
C
o
m
p
u
ta
tio
n
&
G
ra
p
h
ics

D
a
n
B
a
rn
es

L
o
s
A
la
m
o
s
N
a
t'l
L
a
b

C
o
re
C
o
m
p
u
ta
tio
n
&
P
a
ra
lleliza
tio
n

R
ick
N
eb
el

L
o
s
A
la
m
o
s
N
a
t'l
L
a
b

C
o
re
C
o
m
p
u
ta
tio
n
&
V
a
lid
a
tio
n

C
a
rl
S
o
v
in
ec

L
o
s
A
la
m
o
s
N
a
t'l
L
a
b

C
o
re
C
o
m
p
u
ta
tio
n
&
P
a
ra
lleliza
tio
n

S
tev
e
P
lim
p
to
n

S
a
n
d
ia
N
a
t'l
L
a
b
,
A
B
Q

P
a
ra
lleliza
tio
n

R
a
y
T
u
m
in
a
ro

S
a
n
d
ia
N
a
t'l
L
a
b
,
A
B
Q

P
a
ra
lleliza
tio
n

A
lice
K
o
n
ig
es

L
a
w
ren
ce
L
iv
erm
o
re
N
a
t'l
L
a
b

P
a
ra
lleliza
tio
n

P
a
u
l
C
o
v
ello

L
a
w
ren
ce
L
iv
erm
o
re
N
a
t'l
L
a
b

P
a
ra
lleliza
tio
n
&
G
U
I

S
h
ri
G
o
p
a
la
k
rish
n
a

L
a
w
ren
ce
L
iv
erm
o
re
N
a
t'l
L
a
b

P
a
ra
lleliza
tio
n
&
G
U
I

A
lfo
n
so
T
a
rd
iti

S
A
IC
,
L
a
J
o
lla

P
a
ra
lleliza
tio
n

M
ik
e
P
h
illip
s

N
o
rth
ru
p
G
ru
m
m
a
n
C
o
rp
.

G
U
I

T
o
m

G
ia
n
a
k
o
n

U
.
W
isc.
&
C
a
d
a
ra
ch
e

G
U
I
&
N
eo
cla
ssica
l
T
ra
n
sp
o
rt

N
in
a
P
o
p
o
v
a

M
o
sco
w
S
ta
te
U
n
iv
ersity

G
ra
p
h
ics

S
erg
ie
G
a
lk
in

K
eld
y
sh
In
st.
A
p
p
l.
M
a
th
.

V
a
lid
a
tio
n



K
E
Y

F
E
A
T
U
R
E
S
O
F
N
IM
R
O
D

�

D
esig
n
ed
to
stu
d
y
m
o
d
e-lo
ck
in
g
a
n
d
d
isru
p
tio
n
s;
lo
w
-n
,
g
lo
b
a
l,
sep
a
ra
trix
,
resistiv
e

w
a
ll;
n
o
n
lin
ea
r,
tim
e-d
ep
en
d
en
t,
rea
listic
g
eo
m
etry
a
n
d
d
y
n
a
m
ics.

�

N
a
tio
n
-w
id
e
co
lla
b
o
ra
tio
n
,
u
sin
g
In
teg
ra
ted
P
ro
d
u
ct
D
ev
elo
p
m
en
t
(IP
D
)
a
n
d

Q
u
a
lity
F
u
n
ctio
n
D
ep
lo
y
m
en
t
(Q
F
D
).

�

G
ra
p
h
ic
p
re-p
ro
cesso
r,
so
lv
er,
a
n
d
g
ra
p
h
ic
p
o
st-p
ro
cesso
r
a
ll
co
n
tro
lled
b
y

G
ra
p
h
ica
l
U
ser
In
terfa
ce
(G
U
I).

�

O
b
ject-O
rien
ted
P
ro
g
ra
m
m
in
g
(O
O
P
)
u
sin
g
F
o
rtra
n
9
0
fo
r
so
lv
er.

�

P
h
y
sics
b
a
sed
o
n
Q
u
iet
Im
p
licit
P
ic
(Q
IP
)
m
o
d
el:
2
-

u
id
+
�
f
p
a
rticles
+
M
a
x
w
ell.

B
ra
g
in
sk
ii+
+

�

S
p
a
tia
l
d
iscretiza
tio
n
u
ses
m
u
ltip
le
g
rid
b
lo
ck
s,
b
o
th
lo
g
ica
lly
recta
n
g
u
la
r
a
n
d

u
n
stru
ctu
red
tria
n
g
u
la
r.
F
in
ite
elem
en
ts,


u
x
co
o
rd
in
a
tes,
d
o
m
a
in
d
eco
m
p
o
sitio
n
.

D
esig
n
ed
fo
r
p
a
ra
lleliza
tio
n
.

�

Im
p
licit
tim
e
step
,
p
reco
n
d
itio
n
ed
co
n
g
ju
g
a
te
g
ra
d
ien
ts.
D
irect
so
lu
tio
n
w
ith
in

b
lo
ck
s,
C
G
o
v
er
b
lo
ck
s.

�

W
eb
p
a
g
e:
h
ttp
:/
w
w
w
.n
ersc.g
o
v
/
resea
rch
/
N
im
ro
d

U
ser
N
a
m
e:
m
h
d
,
P
a
ssw
o
rd
:
w
w
w
4
m
h
d
.



N
U
M
E
R
IC
A
L
D
A
N
G
E
R
S

�
L
a
r
g
e
T
r
u
n
c
a
t
io
n
E
r
r
o
r

A
n
iso
tro
p
y
c
a
n
a
m
p
lify
e
rro
r,
a
s
in
th
e
p
ro
b
le
m
o
f
sp
e
c
tra
l
p
o
llu
tio
n

fo
u
n
d
in
e
ig
e
n
v
a
lu
e
c
o
d
e
s.

�
T
h
e
R
e
d
-B
la
c
k
P
r
o
b
le
m

D
e
c
o
u
p
lin
g
o
f
a
d
ja
c
e
n
t
g
rid
n
o
d
e
s
c
a
n
in
tro
d
u
c
e
jitte
r.

�
In
d
e
�
n
it
e
M
a
t
r
ic
e
s

C
a
u
se
s
C
o
n
ju
g
a
te
G
ra
d
ie
n
t
M
e
th
o
d
to
b
e
u
n
re
lia
b
le
.

�
M
a
n
y
V
a
r
ia
b
le
s
P
e
r
N
o
d
e

R
e
q
u
ire
s
e
x
c
e
ssiv
e
ru
n
tim
e
a
n
d
sto
ra
g
e
sp
a
c
e
.

�
S
p
u
r
io
u
s
N
u
m
e
r
ic
a
l
M
o
d
e
s

In
tro
d
u
c
e
s
n
o
ise
a
n
d
u
n
c
e
rta
in
ty
.

�
r
�
B
6=
0



T
w
o
-F
lu
id
E
q
u
a
tio
n
s

@
n
j

@
t
+

r

�
(n
j v
j
)
=

0

�
j �
@
v
j

@
t
+

v
j
�
r
v
j �
+

r
P
j
+

r

�
�
j
=

n
j q
j �
E
+

1c
v
j
�

B �
+

R
j

32 �
@
P
j

@
t
+

v
j
�
r
P
j �
+

52
P
j
r

�
v
j
+

r

�
q
j
+

�
j
:
r
v
j
=

Q
j

M
a
x
w
e
ll's
E
q
u
a
tio
n
s

r

�
B
=

r

�

E
+

1c
@
B@

t
=

0

B
=

r

�

A

E
=

�
r
'
�

1c
@
A@

t

r
2A

=

�
4
�c

J

r

�
A

=

r

�
J
=

0

C
o
n
s
titu
tiv
e
E
q
u
a
tio
n
s

J
= X

j

J
j
= X

j

n
j q
j v
j

q
a
n
d

�

d
e
r
iv
e
d

fr
o
m

p
a
r
t
ic
le
m
o
m
e
n
t
s



F
in
it
e

E
le
m

e
n
t
D

is
c
r
e
t
iz
a
t
io
n

@
u@

t
+
r

�
F

=
S

u
(t;
x
)
=
u
i (t)�
i (�
(
x
);�
(
x
))

L
� Z
d
x �
@
u@

t
+
r

�
F

�

S �
2

;

�
L

�
(@
u
=
@
t)
=
0

(f
;g
)
� Z
f
(
x
)g
(
x
)d
x

= Z
f
(�
;�
)g
(�
;�
)J
(�
;�
)d
�
d
�

J

�

@
x

@
�

@
y

@
�
�

@
x

@
�

@
y

@
�

�
(�
i ;
r

�
F
)
= Z
d
x
F

�
r
�
i
= Z
d
�
d
�
J �
F

�
r
�
@
�
i

@
�
+
F

�
r
�
@
�
i

@
� �

(�
i ;�
j )
_u
j
= Z
d
�
d
�
J �
S
�
i
+
F

�
r
�
@
�
i

@
�
+
F

�
r
�
@
�
i

@
� �

U
se
G
a
u
ssia
n
Q
u
a
d
ra
tu
re
O
v
er
R
b
lo
ck
s
a
n
d
T
b
lo
ck
s



E
X
A
C
T

C
O
N

S
E
R
V
A
T
I
O
N

L
A
W

@
u

@
t
+
r

�
F

=
0

U
(

;t)
� Z




u
(
x
;t)
d
x

d
U
(

;t)

d
t

=
� Z

@



F

�
^n
d
x

F
I
N

I
T
E

E
L
E
M

E
N

T

C
O
N

S
E
R
V
A
T
I
O
N

L
A
W

u
(
x
;t)
=
u
i (t)�
i (
x
);

(f
;g
)
� Z

V

f
(
x
)g
(
x
)
d
x

(�
i ;�
j )
d
u
j

d
t
=
�

(�
i ;
r

�
F
)
= Z

V

F

�
r

�
i
d
x

U
(

;t)
� Z




u
(
x
;t)'
(

;
x
)
d
x



b
o
u
n
d
ed
b
y
g
rid
lin
es,
'
(

;
x
)
= P
i
�
i (
x
)
!

0
o
n
@



d
U
(

;t)

d
t

= Z
@



F

�
r

'
(

;
x
)
d
x



E
q
u
a
t
io
n
o
f
M
o
t
io
n

@
J
j

@
t
+


j
^b
�

J
j
=
!
2j

4
�
E
;



j
�

e
j B

m
j c
;

!
2j
�

4
�
n
j e
2j

m
j

J
n
+
1

j

�

J
nj

�
t

+


j
^b
�

�J
n

+
f


(J
n
+
1

j

�

J
nj
) �
=
!
2j

4
�
E

n
(�
�

1
)
I
+
[1
+
f


(�
�

1
)](

j �
t) ^b
�

I o
�

J
j
=
!
2j �
t

4
�

E

J
j
=
c
2�
t

4
�

L
j
�

E



T
h
e

L

M

a
t
r
ix

J

=
c
2�
t

4
�

L
�
E
;

L
�

X
j

L
j

L
j
=
L
j
;k
^b
^b
+
L
j
;?
(
I
�

^b
^b
)
�

L
j
;�
^b
�

I

L
j
;k
=
(!
j =
c)
2

�
�

1

L
j
;?

=

(!
j =
c)
2(�
�

1
)

(�
�

1
)
2

+
[1
+
f



(�
�

1
)]
2
(

j �
t)
2

L
j
;�

=

(!
j =
c)
2
[1
+
f



(�
�

1
)](

j �
t)

(�
�

1
)
2

+
[1
+
f



(�
�

1
)]
2
(

j �
t)
2

F
o
r
(

j �
t)
2

�

1
;

L
k

�

!
2p =
c
2

�
�

1
;

L
?

�

�
�

1

[1
+
f



(�
�

1
)]
2
(c
A
�
t)
2

L
k

�

L
?

�

L
�

;

!
2p
�

X
j

!
2j
;

c
2

c
2A

�

X
j

!
2j



2j



C
u
r
l-
C
u
r
l
F
o
r
m

u
la
t
io
n

r

�

E

+
1c
@
B

@
t
=
0
;

r

�

B

=
4
�c

J

r

�

r

�

E

+
4
�c
@
J

@
t
=
r

r

�
E

�

r

2
E

+
(�
�

1
)
L
�
E

=
0

E

=
E
0
e
ik
�x
;

D

�
E
0

=
�k

2
I
�

k
k
+
(�
�

1
)
L �
�
E
0

=
0

D

=
(�
�

1
) n
(�
�

1
)
2
L
k (L
2?

+
L
2�

)
+
(�
�

1
) h
k
2?

(L
2?

+
L
2�

)
+
(k
2

+
k
2k )L

k
L
? i

+
k
2(k
2k
L
k

+
k
2?

L
?

) o

�

(�
�

1
)L
k h(�
�

1
)L
?

+
k
2 ih(�
�

1
)L
?

+
k
2k i
=
0

F
a
cto
rs
in
to
3
w
av
es:

C
o
m
p
ressio
n
a
l
A
lfv
�en
;
S
h
ea
r
A
lfv
�en
;

Z
ero
F
req
u
en
cy
E
lectro
sta
tic,
r

�

E

=
0



B
a
s
ic
Im
p
lic
it
D
is
p
e
r
s
io
n
R
e
la
t
io
n

(�
�
1
)L
?

+
k
2k
�

(�
�
1
)
2

[1
+
f
(�
�
1
)]
2

(c
A

�
t)
2

+
k
2k
=
0

x
�
�
�
1
�
i!
�
t;

x
0

�
!
0 �
t;

!
0

�
c
A

k
k

x
2

+
(1
+
f
x
)
2x
20

=
0

x
=
�
ix
0

�
f
x
20

1
+
f
2x
20

F
o
r
f
x
0

�

1
;

x
=
�
ix
0 (1
+
if
x
0 )(1
�
f
2x
20

+
�
�
�)

F
o
r
f
x
0

�

1
;

x
�
�
1
=
f

�
=
1
+
x
=
1
+
f
(f
�
1
)x
20

�
ix
0

1
+
f
2x
20

=
!
0

=
0
;

j�
j
2

�
1

,

f
�
1
=
2



F
in
it
e

E
le
m

e
n
t
D

is
c
r
e
t
iz
a
t
io
n

r

r

�
E

�

r

2
E

+
(�
�

1
)
L
�
E

=
0

E
(
x
;
t)
=
X

i

E
i (t)�
i (
x
)

E
i
=
E
0

ex
p
[i(
k
�
x
i
�

!
t)]

�
�

P
j
ex
p
[ik
�
(
x
j
�

x
i )] R
�
i
r

�
j
d
x

i P
j
ex
p
[ik
�
(
x
j
�

x
i )] R
�
i �
j
d
x

K

�

�

P
j
ex
p
[ik
�
(
x
j
�

x
i )] R
r

�
i
r

�
j
d
x

P
j
ex
p
[ik
�
(
x
j
�

x
i )] R
�
i �
j
d
x

D

�
E
0

=
[(tr
K
)
I
�

K

+
(�
�

1
)
L
]
�
E
0

=
0

D

�

d
et
D

=
0



E
v
a
lu
a
t
io
n
o
f
�
a
n
d
K

U
n
ifo
rm
G
rid
in
x
-y
P
la
n
e,
F
o
u
rier
in
z
,

�
=
I
1 =
I
0 ;

K

=
I
2 =
I
0

I
0

� X
j

ex
p
[ik
�
(x
j
�

x
i )] Z
�
i �
j d
x

=
(4
+
2
co
s
k
x
h
x
+
2
co
s
k
y
h
y
+
co
s
k
x
h
x
co
s
k
y
h
y )h
x
h
y
=
9

I
1

�

�

i X
j

ex
p
[ik
�
(x
j
�

x
i )] Z
�
i
r

�
j d
x

=
[ ^x
(6
+
3
co
s
k
y
h
y )
sin
k
x
h
x
=
h
x
+
^y
(6
+
3
co
s
k
x
h
x
)
sin
k
y
h
y
=
h
y

+
^z
(4
+
2
co
s
k
x
h
x
+
2
co
s
k
y
h
y
+
co
s
k
x
h
x
co
s
k
y
h
y )k
z ]h
x
h
y
=
9

I
2

�

� X
j

ex
p
[ik
�
(x
j
�

x
i )] Z
r

�
i
r

�
j d
x

=
[ ^x
^x
(1
2
+
6
co
s
k
y
h
y
)(1
�

co
s
k
x
h
x
)=
h
2x
+
^y
^y
(1
2
+
6
co
s
k
x
h
x
)(1
�

co
s
k
y
h
y )=
h
2y

+
^z
^z
k
2z (4
+
2
co
s
k
x
h
x
+
2
co
s
k
y
h
y
+
co
s
k
x
h
x
co
s
k
y
h
y )

+
( ^x
^z
+
^z
^x
)(6
+
3
co
s
k
y
h
y )(sin
k
x
h
x
=
h
x
)k
z
+
( ^y
^z
+
^z
^y
)(6
+
3
co
s
k
x
h
x
)(sin
k
y
h
y
=
h
y )k
z

+
9
( ^x
^y
+
^y
^x
)(sin
k
x
h
x
=
h
x
)(sin
k
y
h
y
=
h
y )]h
x
h
y
=
9

F
o
r
k
x
h
x
;
k
y
h
y
�

1
;

�
=
k
�

1
1
8
0 �(k
x
h
x
)
4k

x
^x
+
(k
y
h
y )
4k

y
^y �
+
�
�
�;

K

=
k
k
+

11
2 �^x
^x
k
2x
(k
x
h
x
)
2

+
^y
^y
k
2y (k

y
h
y )
2 �
+
�
�
�



D
is
c
r
e
tiz
e
d
D
is
p
e
r
s
io
n
R
e
la
tio
n
,
C
u
r
l-C
u
r
l
F
o
r
m
u
la
tio
n

D

�

d
et
D

=
(
�
�

1
)
3
L
k (
L
2?

+
L
2�

)

+
(
�
�

1
)
2 n
L
k
L
?

(
I
+
^b
^b
)
:
K

+
(
L
2?

+
L
2�

)(
I
�

^b
^b
)
:
K o

+
(
�
�

1
) n
L
k h
(
K

:
I)( ^b
^b
:
K
)
+ �� ^b
^b
+
(
I
�

^b
^b
)
�
K

�
(
I
�

^b
^b
) �� i

+
L
? h
K

:
(
I
�

^b
^b
)(
I
+
^b
^b
)
:
K

+ ��(
I
�

^b
^b
)
+
(
I
�

^b
^b
)
�
K

�
^b
^b
+
^b
^b
�
K

�
(
I
�

^b
^b
) �� io

� ��K
�

(tr
K
)
I ��

�

(
�
�

1
)
L
k �h
(
�
�

1
)
L
?

+
tr
K ih
(
�
�

1
)
L
?

+
^b
�
K

�
^b i

+
d
et h
^b
^b
+
(
I
�

^b
^b
)
�
K

�
(
I
�

^b
^b
) i �
=
0

T
h
e
la
st
lin
e
is
a
tru
n
ca
tio
n
erro
r
w
h
ich
v
a
n
ish
es
in
th
e
co
n
tin
u
o
u
s
lim
it
K

!

k
k
.
It

co
u
p
les
th
e
fa
st
a
n
d
slo
w
w
a
v
es
a
n
d
p
rev
en
ts
a
ccu
ra
te
rep
resen
ta
tio
n
o
f
lo
w
-freq
u
en
cy

sh
ea
r
A
lfv
�en
m
o
d
es
w
ith
^b
�
K

�
^b
!

0
.
R
ela
ted
to
sp
ectra
l
p
o
llu
tio
n
in
sp
ectra
l
co
d
es.



C
o
u
lo
m
b
G
a
u
g
e
F
o
r
m
u
la
t
io
n

B
=
r
�
A
;

E
=
�
r
'
�
1c
@
A@

t
;

r
�
A

=
0

r
2
A

=
�
4
�c

J
;

r
�
J
=
0
;

J
=
c
2�
t

4
�

L
�
E

L
�
[(�
�
1
)A
+
(c�
t)r
'
]�
r
2
A

=
0
;

r
�f
L
�
[(�
�
1
)A
+
(c�
t)r
'
]g
=
0

(A
;'
)
=
(A
0
;'
0 )e
ik
�x

L
�
[(�
�
1
)A
+
(c�
t)ik
'
]
+
k
2
A

=
0

k
�
L
�
[(�
�
1
)A
+
(c�
t)ik
'
]
=
0

u
�
(A
0 ;ic�
t
'
0 );

D

�
u
=
0

D

�
d
et
D

=
0
=
k
4 n
L
k �
L
2?

+
L
2� �
(�
�
1
)
2

+
h

k
2? �
L
2?

+
L
2� �
+
(k
2

+
k
2k )L

k
L
? i
(�
�
1
)
+
k
2 �
k
2k L

k

+
k
2?

L
? �o

�
k
4L

k h
L
?

(�
�
1
)
+
k
2 ih
L
?

(�
�
1
)
+
k
2k i





F
ir
st
D
isc
r
e
tiz
e
d
C
o
u
lo
m
b
G
a
u
g
e
F
o
r
m
u
la
tio
n

(A
;'
)(x
;t)
=
X

i

(A
i ;'
i )(t)�
i (x
);

(A
i ;'
i )
=
(A
0 ;'
0 )e
ik
�x
i

[(�
�

1
)
L
+
(tr
K
)
I]
�
A
0

+
�
(ic�
t)'
0

=
0
;

(�
�

1
)�
�
L
�
A
0

+
(L
:
K
)(ic�
t)'
0

=
0

u
�

[A
0 ;(ic�
t)'
0 ];

D

�
u
=
0

D

�

d
et
D

=
(�
�

1
)
3L

k (L
2?

+
L
2�

)
L
:
(
K

�

�
�
)

+
(�
�

1
)
2(tr
K
) n
(tr
K
)L
k (L
2?

+
L
2�

)
+
2
^b
^b
:
(
K

�

�
�
)L
2k L

?

+
(
I
�

^b
^b
)
:
(
K

�

�
�
) �L
2?

(L
?

+
L
k )
+
L
2�

(L
?

�

L
k ) �

�

[tr
( ^b
�

K
)]L
�

(L
2?

+
L
2�

+
2
L
?

L
k ) o

+
(�
�

1
)(tr
K
)
2 n
(L
2?

+
L
2�

)(
I
�

^b
^b
)
:
K

+
L
k h2
L
?

^b
^b
:
K

+
(
I
�

^b
^b
)
:
(
L
�
K
) i
+
tr
(
L
�
K

�
L
) o
+
(tr
K
)
3
L
:
K

=
0

T
ru
n
ca
tio
n
erro
rs
a
re
a
m
p
li�
ed
b
y
h
ig
h
er
p
ow
ers
o
f
L
k ,
p
ro
d
u
cin
g
la
rg
e
erro
rs.

C
a
u
se:
A
m
p
�ere's
L
aw
a
n
d
Q
u
a
sin
eu
tra
lity
co
n
ta
in
in
co
n
sisten
t
ex
p
ressio
n
s
fo
r
E
k .



S
e
c
o
n
d
D
isc
r
e
tiz
e
d
C
o
u
lo
m
b
G
a
u
g
e
F
o
r
m
u
la
tio
n

(A
;'
;J
)(x
;t)
= X

i

(A
i ;'
i ;J
i )(t)�
i (x
);

(A
i ;'
i ;J
i )
=
(A
0 ;'
0 ;J
0 )e
ik
�x
i

4
�c

J
0

=
�

L
�
[(�
�

1
)A
0

+
�
(ic�
t)'
0 ];

4
�c

J
0

�

(tr
K
)A
0

=
0
;

�
�
J
0

=
0

L
�
[(�
�

1
)A
0

+
�
(ic�
t)'
0 ]
+
(tr
K
)A
0

=
0
;

�
�
L
�
[(�
�

1
)A
0

+
�
(ic�
t)'
0 ]
=
0

u
�

[A
0 ;(ic�
t)'
0 ];

D

�
u
=
0

D
�

d
et
D

=
(tr
K
) �
(�
�

1
)
2�
2L

k �L
2?

+
L
2� �
+
(�
�

1
)(tr
K
)

� h
�
2? �L
2?

+
L
2� �
+
(�
2

+
�
2k )L

k L
? i
+
(tr
K
)
2 �
�
2k L

k

+
�
2?

L
? � �

�

(tr
K
)�
2L

k h
L
?

(�
�

1
)
+
(tr
K
) ihL
?

(�
�

1
)
+
(tr
K
)�
2k =
�
2 i
=
0

D
iscretiza
tio
n
o
f
J
elim
in
a
tes
in
co
n
sisten
cy
a
n
d
a
m
p
li�
ca
tio
n
o
f
tru
n
ca
tio
n
erro
r.

B
u
t
�
=
0
fo
r
k
x
h
x

=
k
y
h
y
=
�
,
R
ed
-B
la
ck
P
ro
b
lem
.



T
h
ir
d
D
isc
r
e
tiz
e
d
C
o
u
lo
m
b
G
a
u
g
e
F
o
r
m
u
la
tio
n

(A
;'
;J
k )(x
;t)
=
X

i

(A
;'
;J
)
i (t)�
i (x
);

(A
;'
;J
)
i (t)
=
(A
;'
;J
)
0 (t)e

ik
�x
i

4
�c

J
0

=
�

L
k �(�
�

1
)A
k
;0
+
�
k (ic�
t)'
0 �

(tr
K
)A
0

+
L
�
(
I
�

^b
^b
)
�
[(�
�

1
)A
0

+
�
(ic�
t)'
0 ]
=
0

+
^b
L
k �(�
�

1
)A
k
;0
+
�
k (ic�
t)'
0 �
=
0
;

�
�
L
�
(
I
�

^b
^b
)
�
(�
�

1
)A
0

+
tr
[K
�
(
I
�

^b
^b
)
�
L
](ic�
t)'
0

+
�
k
L
k �(�
�

1
)A
k
;0
+
�
k (ic�
t)'
0 �
=
0

u
�

[A
0 ;(ic�
t)'
0 ];

D

�
u
=
0

D

�

d
et
D

�

L
k n
(�
�

1
)
3L
3? �tr
K
?

�

�
2? �

+
(�
�

1
)
2L
2?
(tr
K
) ��
2

+
2 �tr
K
?

�

�
2? ��

+
(�
�

1
)L
?
(tr
K
)
2 �
2
�
2k
+
tr
K
? �
+
(tr
K
)
3�
2k o
=
0

N
o
a
m
p
li�
ca
tio
n
o
f
erro
r,
n
o
R
ed
-B
la
ck
P
ro
b
lem
.

B
u
t
sp
u
rio
u
s
h
ig
h
-freq
u
en
cy
m
o
d
e,
5
v
a
ria
b
les
p
er
n
o
d
e,
a
n
d
n
o
n
-S
P
D
m
a
trix
.



M
a
g
n
e
t
ic
F
o
r
m
u
la
t
io
n

4
�c

J
=
r

�

B
=
(c�
t)
L
�
E
;

(c�
t)E
=
L
�
1

�
r

�

B

M

�

L
�
1

=

^b
^b

L
k

+
L
?

(
I
�

^b
^b
)
+
L
�

^b
�

I

L
2?

+
L
2�

@
B@

t
+
c
r

�

E
=
0
;

(�
�

1
)B
+
(c�
t)
r

�

E
=
0

(�
�

1
)B
+
r

�

(
M

�
r

�

B
)
=
0

B
=
B
0
e
ik
�x
;

D

�
B
0

=
0
;

D

=
(�
�

1
)
I
�

k
�

(
M

�
k
�

I)

D

�

d
et
D

=
(�
�

1
) n
(�
�

1
)
2

+
(�
�

1
) h
M
?

(k
2

+
k
2k )
+
M
k
k
2? i

+
k
2 h(M
2?

+
M
2�

)k
2k

+
M
?

M
k
k
2? io

�

(�
�

1
) h(�
�

1
)
+
M
?

k
2k ih(�
�

1
)
+
M
?

k
2 i
=
0



M
a
g
n
e
tic
F
o
r
m
u
la
tio
n
,
D
is
c
r
e
tiz
e
d
D
is
p
e
r
s
io
n
R
e
la
t
io
n

D

� h(
�
�

1
)
+
M

?

( ^b
^b
:
K
) i �
(
�
�

1
) h(
�
�

1
)
+
M

?

((tr
K
)) i

+
M

2? h( ^b
^b
:
K
)
K

:
(
I
�

^b
^b
)
�

^b
�
K

�
(
I
�

^b
^b
)
�
K

�
^b i �

�

T
h
e
u
se
o
f
M

=
L
�

1

ra
th
er
th
a
n
L
in
th
e
m
a
g
n
etic
fo
rm
u
la
tio
n
im
p
lies
th
a
t
tru
n
ca
tio
n

erro
rs
a
sso
cia
ted
w
ith
th
e
p
a
ra
llel
d
irectio
n
a
re
su
p
p
ressed
ra
th
er
th
a
n
a
m
p
li�
ed
.

�

T
h
e
slow
,
sh
ea
r
A
lfv
�en
w
av
e
fa
cto
rs
o
u
t
a
n
d
is
th
erefo
re
u
n
a
�
ected
b
y
tru
n
ca
tio
n
erro
r.

�

T
h
e
fa
st
a
n
d
zero
-freq
u
en
cy
w
av
es
a
re
co
u
p
led
.
T
h
e
e�
ect
o
n
th
e
fa
st
w
av
e
is
n
eg
lig
ib
le.

T
h
e
e�
ect
o
n
th
e
zero
-freq
u
en
cy
w
av
e
is
n
eg
lib
le
if
la
rg
e
g
ra
d
ien
ts
a
re
a
lig
n
ed
w
ith
th
e

g
rid
.

�

r

�B
d
o
es
n
o
t
va
n
ish
ex
a
ctly,
b
u
t
is
a
ccep
ta
b
ly
sm
a
ll
if
la
rg
e
g
ra
d
ien
ts
a
re
a
lig
n
ed
w
ith

th
e
g
rid
.



D
iv
e
r
g
e
n
c
e
o
f
B

B
= X

i

B
i �
i (x
);

B
i
=

B
0 e
ik
�x
i;

^b
�

B
0 =
B
0

^e
1

�

kk
;

^e
2

�

^z
�

k

j ^z
�

k
j ;

^e
3

�

^e
1

�

^e
2 ;

^e
i
�
^e
j
=

�
i;j

^b
=

^e
2

c
o
s
�
+
^e
3

sin
�
;

k
�
^b
=

0

�
� R
d
x
jr

�
B
j
2

R
d
x
jB
j
2

=

^b
�
K

�
^b

�
� �
k
2x
k
2y
(k
2x
h
2x
+
k
2y
h
2y
)
c
o
s
2

�
+
2
k
x
k
y
k
zk

(k
4x
h
2x
�

k
4y
h
2y
)
sin
�
c
o
s
�

+

k
2z

k
2 �k

6x
h
2x
+
k
6y
h
2y �
sin
2

� ��
1
2
(k
2x
+
k
2y
)

k
x

�

k
y
;k
z

)

�
�

k
2y
(k
2x
h
2x
+
k
2y
h
2y
)



C
o
n
c
lu
s
io
n
s

�

T
h
e
N
IM
R
O
D
�
n
ite
elem
en
t
fo
rm
u
la
tio
n
rests
is
o
n
a
so
lid
a
n
a
ly
tica
l

fo
o
tin
g
,
co
n
�
rm
ed
b
y
n
u
m
erica
l
ex
p
erien
ce.

�

T
h
e


u
x
co
o
rd
in
a
te
g
rid
p
la
y
s
a
m
a
jo
r
ro
le
in
a
v
o
id
in
g
n
u
m
erica
l

d
i�
cu
lties.

�

T
h
e
tria
n
g
u
la
r
co
re
b
lo
ck
a
v
o
id
s
p
ro
b
lem
s
a
sso
cia
ted
w
ith
a
co
o
rd
i-

n
a
te
sy
stem

p
o
le
a
t
th
e
o
-p
o
in
t.
A
sim
ila
r
so
lu
tio
n
ca
n
b
e
u
sed
fo
r

x
-p
o
in
t.

�

T
h
e
m
a
g
n
etic
fo
rm
u
la
tio
n
a
v
o
id
s
a
ll
k
n
o
w
n
n
u
m
erica
l
p
ro
b
lem
s.


